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CPM-PERT
A Project:

— A collection of interrelated activities with each activity consuming time and resources
CPM-PERT:

— Network-based methods designed to assist in the planning, scheduling, control of projects
Objective of CPM and PERT:

OPERATIONAL RESEARCH IT - oth methods were doveoped n 18505 ndependently
+ CPM

— Assumes deterministic activity durations

— Determine the length of time required to complete a project
Agustina Eunike, ST., MT., MBA. « PERT

Industrial Engineering — University of Brawijaya = Assumes probabilistic durations i . §
— Estimate the probability that the project will be completed by a given deadline

AOA vs AON AON

* Activity-on-Arc (AOA): FProject Network
— Uses arcs to represent the activities (ADN - Activity-Cn-Node)
— Uses nodes to rep ion of a set of

* Activity-on-Node (AON):
— Uses nodes to represent the activities
— Uses arrows to repi ] i
— 1977, Wiest and Levy

milestone

AOA AOA: rules

Froject Network 1. Node 1 represents the start of the project. An arc should lead from node 1 to represent each
| . ivity- - W activity that has no predecessors.
(ADA: AC“ lty Q n A_\I"l"D ) 2. Anode (called the finish node) representing the completion of the project should be included in
the network
durnm 3. Number of the nodes in the network so that the node representing the completion of an activity
Y always has a larger number than the node representing the beginning of an activity (there may be
activity more than one numbering scheme that satisfies rule 3)
_ 4. An activity should not be represented by more than one arc in the network
| 5. Two nodes can be connected by at most one arc
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AOA: Project Diagram

‘Widgetco is about to introduce a new product (product 3). One unit of product 3 is pro-
duced by assembling 1 unit of product 1 and 1 unit of product 2. Before production be-
gins on cither product 1 or 2, raw materials must be purchased and workers must be
trained. Before products 1 and 2 can be assembled into product 3, the finished product 2

must be inspected. A list of activities and their pred and of the d of each
activity is given in Table 12. Draw a project diagram for this project.
Duration of Activities and Predecessor Relationships for Widgetco
Duration
Activity (Days)
A = train workers — 6
B = purchase raw materials — 9
C = produce product 1 AB 3
D = produce product 2 AB 7
E = test product 2 D 10
F = assemble products 1 and 2 C,E 12
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AOA: Project Diagram

* Project Diagram for Widgetco

CRITICAL PATH METHOD (CPM)

Node 1 = starting node
Node 6 = finish node

Critical Path

A path through a project network is one of the routes

following the arcs from the START node to the FINISH node.

The length of a path is the sum of the (estimated) durations

of activities on the path

The (estimated) project duration equals the length of the

longest path through the project network.

Critical path is the longest path in the project (if more than

one path tie for the longest, they all are critical paths)

Critical Path =

Case Study:

The RELIABLE CONSTRUCTION COMPANY has just made the winning bid of $5.4
million to construct a new plant for a major manufacturer. The manufacturer needs the plant
to go into operation within a year. Therefore, the contract incudes the following provisions:

* A penalty of $300.000 if Reliable has not completed construction by the deadline 47
weeks from now.

+ To provide additional incentive for speedy construction. a bonus of $150.000 will be
paid to Reliable if the plant is completed within 40 weeks.

Reliable is assigning its best construction manager, David Perty, to this project to help
ensure that it stays on schedule. He looks forward to the challenge of bringing the proj-
ect in on schedule. and perhaps even finishing carly. However, since he is doubtful that it
will be feasible to finish within 40 weeks without incurring excessive costs, he has de-
cided to focus h ial planning on meeting the deadline of 47 weeks.

Mr. Perty I need to arrange for a number of crews to perform the various
struction activities at different times. Table 10.1 shows his list of the various activi
The third column provides important additional information for coordinating the sched-
uling of the crews.

Critical Path

*  Activity list for the Reliable Contruction Co. Project (Lieberman, 2001; pp. 469)

Immediate Estimated
Activity Activity Description Predecessors Duration
A Excavate — 2 weeks
8 Lay the foundation A 4 weeks
C Put up the rough wall 8 10 weeks
D Put up the roof c 6 weeks
£ Install the exterior plumbing c 4 weeks
F Install the interior plumbing E 5 weeks
G Put up the exterior siding D 7 weeks
H Do the exterior painting EG 9 weeks
! Do the electrical work C 7 weeks
i Put up the wallboard £l 8 weeks
K Install the fiooring Il 4 weeks
L Do the interior painting I 5 weeks
M Install the exterior fixtures H 2 weeks
N Install the interior fixtures KL 6 weeks
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Critical Path —

* Scheduling Individual Activities:
— ES = Earliest start time for a particular activity
— EF = Earliest finish time for a particular activity
— LS = Latest start time for a particular activity
— LF = Latest finish time for a particular activity

EF = ES + (estimated) duration of the activity
ES = largest EF of the immediate predecessors
LS = LF + (estimated) duration of the activity
LF = smallest LS of the immediate successors

Critical Path

¢ LSand LF in Reilable’s project

FINISH node: LF = its EF = 44, Immediate successors of activity C:
LS=44-0=4. Activity D has LS = 20.
Activity M:  LF = LS for the FINISH node Activity E has LS = 16,
=44, Activity [ has LS = 18,
LS = 44 — duration (2 weeks) Smallest LS = 16.
=42. LF for activity C = smallest LS
Activity H: LF = LS for activity M =16
=4,
LS = 42 — duration (9 weeks)
=33

Critical Path
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* The paths and path lengths through Reilable’s project network

Path

START —A—B—C—D—C—H—M— FINISH
START —A—B—=C—EsH—=M— FINISH
START —A—+B+CE+F=)+K—=N—+ FINISH
START —A4—B>C>E>F>j—>1—N-— FINISH
START —A—B—-C—/—|—+K—N— FINISH
START —A—B—>Csl—+]+1—+N— FINISH

Length
24+4+10+6+7+9+2 = 40 weeks
24+44+10+44+9+2 = 31 weeks

2+4+10+4+45+8+4+6=43 weeks
2+4+10+4+5+8+5+6=44 weeks
24+44+10+7+8+4+6 = 41 weeks
2+4+10+7+8+5+6 = 42 weeks

Critical Path

* ESand EF in Reilable’s project

Activity - ES =0,
+ duration (2 weeks)

Activity B:

Activity G:

ES = EF for activity D

2 + duration (7 weeks)
=29,

Critical Path

Immediate predecessors of activity H:
Activity G has EF = 29.

Activity E has EF = 20,
Larger EF = 29.

ES for activity H = larger EF
20,

Immediate predecessors of the FINISH node:

Larger EF = 44,
ES for the FINISH node = larger EF

EF for the FINISH node = 44 + 0 = 44,

* Identifying Slack / Float in the Schedule
— Each activity with zero slack is on a critical path through the

project network such that
— Zero slack:
* ES=LS;
« EF=LF;

any delay along this path will dela

¢ ES—EF = LS — LF = (estimated) duration time



Critical Path

« Identifying Slack / Float in the Schedule:

(Estimated)  Earliest  Latest on
duration  start time start time Slack Critical
\ L / Activity (LF — EF) Path?
(v %7 S (38,42) 2 o Yes
e 8 0 Yes
- F (40, 44
ey c 0 Yes
D 4 No
Earliest Latest £ 0 Yes
finish time finish time r 0 Yo
G 4 No
H 4 No
I 2 No
Critical path of Reliable’s project: / H o
START —A—B—C—E—F—J—l—N—FINISH | 0 Yes
M 4 No
N 0 Yes

Critical Path
* Identifying Slack / Float in the Schedule

— IfFS;; = TS;; then the activity can be scheduled anywhere

within its (LS, EF) span without causing schedule conflict.

— IfFS;; < TS;; then the start of th activity can be delayed by no
more than FS; relative to its LS without causing schedule
conflict. Any delay larger than FS; (but not more than TS)
must be accompanied by an equal delay relative to LF in the
start ime of all the activities leaving the node j.

Critical Path

* Using Linear Programming to determine Critical Path

Marimize daXactderocr dadiap + -+ - - +dpls ang
subject to
’Xnagm,A - Xh:gm,ﬁ =-1
XDEQM,A = fac = Xap =0
Xh:gm,ﬁ = Xpe ~ ¥oo =0
Aac + Hpg = Aer =0
Kap + Aan ~Hoe =0
Heeng = 1

%y 20w (L))

(Al c] o
il o T
Dy

Critical Path

* Identifying Slack / Float in the Schedule
—Total Slack (TS) / Total Float (TF)
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* Maximum possible time by which the start of the activity
may be delayed, without delaying the project completion

time.
*TS=LF-EF
*TS=ES-LS

—Free Slack (FS) / Free Float (FF)

* Maximum possible time by which the start may be delayed

IF all successors start at their Early start time.
* FS = EF - ES — (estimated) duration time

Critical Path

* Using Linear Programming to determine Critical Path

— The dual LP is the problem of finding the longestpath
through the network.

FHAIMIZE Yara — Ynagin

L model 126 Yana — Yhegin
LI Yy 5 Viegin sunject 10 Vs - Yoepn 0
o = Voegn 20
3 o) Vo Va o 2da
Al C 3 end ) i
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“uf{o €] Yo=Y 27
o Yo-Ya 21
Fon 2 Y5 + O D,
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- ¥y unrestricled in sigr
Jefine ¥ = sterting time for activity i

PROGRAM EVALUATION AND REVIEW
TECHNIQUE (PERT)
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PERT PERT
« Consider the uncertainty of the duration time for each
activity. * Assumptions of PERT:
* Completing the project’ scheduled date using probability — The duration of an activity is a random variables with BETA
distribution perform by three different types of estimates of distribution.
the activity time. — The durations of the activities are statistically independent
* Three estimates to be obtained for each activity are: — The critical path (computing assuming expected values of the
— Most likely estimate (m) durations) always requires a longer total time than any other
* Estimate of the most likely value of the duration path.
— Optimistic estimate (a) — The CENTRAL LIMIT THEOREM can be applied so that the sum
« Estimate of the duration under the most favorable conditions of the durations of the activities on the critical path has
— Pessimistic estimate (b) approximately a NORMAL DISTRIBUTION.

* Estimate of the duration under the most unfavorable conditions

PERT
The BETA distribution |

is unimodal with finite endpoints
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PERT =

fhe expecied completron time of the project
s 39 7 days.

s Find Lhe standard Wlhar is the probabriily that 1t 15 completed
| deviation of the : : ) .
5.5 000 sioxoriticel sum of the durations within 4; 0’@1‘5‘.’"
102 3306 amervtical on the critical path.
‘. T-39.7 ( 42-397
110 175w crremor PIT <42} - Pl 227 <« 3223974 _ p(x < 08336}
. o 2759 2750
P 120 178 ¥REmcritical .
sum: 7.61 The completion time for the I9R standarad A
o - JTET project is N(39.7, 2.759) TR YAANE
- 2759 (Aormmesd st i with mean 347

and st deviation 2 IS8

- - e ahkE
Optimistic | Most Likely | Pessimistic Mean Variance s
Estimate Estimate Estimate o+am+p p-op PE RT b 7 PE RT oty
Activity ° m P P A LT)
R } B B , . * Reliable’s project: the paths and path lengths when the
* Reliable’s . P : PR .
P 2 3 8 4 ! ) duration of each activity equals its pessimistic estimate
2 project ket
C 6 9 18 10 4
b 4 5;7 1 ¢ f Path Length
£ 1 4 5 4 4 START—+A—B—+C— D G— H—M—FINISH 3+8+184+10+11+17 +3 =70 weeks
F N 4 10 5 1 START—+A— B C—E—+H—+M—FINISH 3+B+1845+17+3 = 54 weeks
. s o " ; , START—>A—B—C—s E—sFsj—K—>N—FINISH 3+8+18+5+10+9+4+9=66weeks
. . o - ) . START—>A—B>C>E»F )L »NFINISH 348+ 1845+10+9+7+9 =69 weeks
) START—sA—B— C—/—/—K—N—FINISH 3+8+18+9+9+4+9 = 60 weeks
! : & 2 7 ! START A B+ C s/ =L >N—FINISH 348418494947 +9 = 63 weeks
] 3 9 9 8 1
I3 4 4 4 4 0
L 1 sl 7 5 1 The mean critical path is the path through the project network that would be
2 T the critical path if the duration of each activity equals its mean.
M 1 2 El 2 5
9
N 5 5% 9 6 ; Reliable’s mean critical path is

START—A—+B—C—E—»F—J—-L—-N—FINISH,

ki

PERT =

- PERT

Activities on Mean Critical Path Mean Variance T = project duration (in weeks), which has (approximately) a normal distribution
B 5 ) with mean p, = 44 and variance o = 0,
g 3 ! d = deadline for the project = 47 weeks.
: . H d-
F 5 1 K. = G-wp 4744 1.
] B 1 - o, 3
t 5 1 L
4
! : ? P(T = d) = P(standard normal = K.,
Praject duration By =4 o -9 = 1 — P(standard normal = K} = 1 — 0.1587 = 0.84.
wi=9 Warning: This P(T = d) is only a rough approximation of the true probability
-~ of meeting the project deadline. Furthermore, because of simplifying approxi-
mation 1, it usually overstates the true probability somewhat. Therefore, the proj-
ect manager should view AT = d') as only providing rough guidance on the best
| . Project duration odds of meeting the deadline without taking new costly measures (o iry o re-
Mo heaiing) (in weeks) duce the duration of some activities.



PERT: summary

* Assumptions of PERT:

— Durations of activities are INDEPENDENT random variables
(statistically independent) with BETA distribution.

— The critical path in temrs of mean values is ALWAYS the
critical path of the project (mean value and variance of
project time = sum of mean values and variances of the times
for the activities on the critical path).

— The number of activities on the critical path is large enough
to invoke the CENTRAL LIMIT THEOREM (i.e completion time
has a NORMAL DISTRIBUTION).

Considering Time-cost Trade-offs

* CPM method of time-cost trade offs

— Determining how much (if any) to crash each activities in order to
reduce the anticipated duration of the project to desired value.

Activity
cost
. Crash
Crash cost [ N
CPM assumes that times and costs to crashed can be
reliably predicted without significant uncertainty
Normal cost [ Normal

L L
Crash time - Normal time Activity duration

Considering Time-cost Trade-offs ==
* Reliable’s project
Activity J (put up the wallboard):

Normal point: time = & weeks, cost = $430,000.
Crash point: time = 6 weeks, cost = $400,000.
Maximum reduction in time = 8 — 6 = 2 weeks.

_ 3490,000 — $430,000
- =0 A

Crash cost per week saved

= $30,000.

* Crashing an activity

Considering Time-cost Trade-offs
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— Taking special costly measures to reduce the duration of an
activity below its normal value

« Special measures: using overtime, hiring additional temporary help,
using special time-saving materials, obtaining special equipment,

* Crashing the project

etc.

— Crashing a number of activities in order to reduce the
duration of project below its normal value

Considering Time-cost Trade-offs

* Reliable’s project

Mr. Perty now wants to investigate how much extra it would cost to reduce the expected
project duration down to 40 weeks (the deadline for the company eaming a bonus of
F150.000 for early completion).

If extra money is spent to expedite the project, what is the least expensive
way of attempting to meet the target completion time (40 weeks)?

ki

Considering Time-cost Trade-offs 2

Sum of normal costs = §4.55 million,

* Reliable’s project

Sum of crash costs = $6.15 million
Time Cost Maximum | Crash Cost
Reduction per Week
Activity Hormal Crash Normal Crash in Tirme Saved
A 2 weeks 1 week $180,000 § 280,000 1 week $100,000
L 4 waeks 2 weaks $320,000 § 420,000 2 weaks § 50,000
c 10 weeks 7 weeks $620,000 § 860,000 3 weeks § 80,000
1] & weeks 4 weaks $260,000 § 340,000 2 weaks % 40,000
E 4 weeks 3 weeks $410,000 § 570,000 1 week $160,000
F 5 weeks 3 weeks $180,000 ¥ 260,000 2 weeks § 40,000
G 7 wecks 4 weaks 900,000 $1,020,000 3 weaks § 40,000
H 9 weeks & weeks $200,000 § 380,000 3 weeks § 60,000
! 7 weeks 5 weeks $210,000 § 270,000 2 weeks § 30,000
I B weeks & weeks $430,000 § 490,000 2 weeks § 30,000
K 4 weeks 3 weeks $160,000 ¥ 200,000 1 week § 40,000
L 5 weeks 3 weeks $250,000 § 350,000 2 weeks § 50,000
M 2 weeks 1 week $100,000 § 200,000 1 week $100,000
N & weeks 3 weaks $330,000 § 510,000 3 weeks § 60,000




Considering Time-cost Trade-offs

* Reliable’s project

Length of Path
Activity to | Crash
Crash Cost ABCDGHM  ABCEHM ABCEFIKN ABCEFILN ABCIKN  ABCHLN

40 31 43 44 41 42
1 330,000 40 3 42 43 40 41
! $30,000 40 3 41 42 £l 40
F 340,000 40 3 40 41 £l 40
F 340,000 40 3 39 40 £l 40

Crashing cost = (2 weeks x $30.000) + (2 weeks x $40.000)
=$140.000

$140.000 < $150.000 (Crashing cost < Bonus)  => FEASIBLE

Considering Time-cost Trade-offs
* Reliable’s project

A8 T [ E F 3 A T J K|
1 Reliable Construction Co. Project Scheduling Problem with Time-Cost Trade-offs
2
3 Maximum Crash Cost|
4 Cast ime  perWoek [ Start Time  Finish
5 | Astivity| Normal Crash | Mormal _ Crash |Reduction saved Tims Reduction __Time
(] A 2 1 3180000 $280000 1 $100000 [ [] 2
7 8 4 2 (3320000 3420000 2 $50000 2 o 3
2 [ 10 7 |s620000 $sevov0 | 3 $20000 6 0 16
] [ [ 4 [3260000 3340000 2 $40000 16 0 22
10 E ) 3 [$410000 $570000 [ 1 S160000 16 0 20
1 F s 3 3180000 $260000 2 $40000 20 2 23
12 © 7 4 (5900000 $1020000( 3 $40000 22 0 29
13 H 9 6 (3200000 $380000 | 3 $60000 29 o )
14 | T 5 [sz10000 $z70000( 2 30000 16 o 23
16 J 8 6 (3430000 340000 2 $30000 23 2 29
16 K a 3 [$160000 3200000 1 $40000 30 0 aa
7 L s 3 [$250000 $350000 [ 2 $50000 29 0 34
18 [ 2 1 3100000 3200000 1 3100000 32 o 40
19 N 6 3 |$330000 $E10000 | 3 $60000 a4 o 40
20
21 ,W‘
22 Total Cost = $4,690,000
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Considering
Time-cost
Trade-offs

* Reliable’s project

Considering Time-cost Trade-offs

* Reliable’s project

x; = reduction in the duration of activity j due to crashing this activity,
forj=AB..., N
Minimize  Z = 100,000x, + 50,0007, + -

subject o the following constraints

+ 60.000x,,

1. Maximum reduction constraints
Using the next-to-last column of Table 10.7,

L

~

Nonnegativity constraints:
1= 0,0 =0, =0
Yp=0.¥c=0,... 0. Yrasn 2

3. Start time constraints:
As described above the objective function. except for activity A (wh
ect), there is one such constraint for each activity with a single imme
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ich starts the proj-
ediale predecessor

(activities B, C, D, E, F, G, I, K, L, M) and two constraints for each activity with two
immediate predecessors (activities A, J, N, FINISH). as listed below.

One immediate predecessor Two imme
0+2-x,
Ve=yp+ 4y
Yo=Ye+ 10— xc

Yo=Y 9 — T
4. Project duration constraint:

Yoz = 40.

diate predecessors

Ya=Yo+T—1g
V= e+ 41

Versrsn = Vag + 2 — T
Versasn = Y+ 6~y

= Solver Parameters ——
SetTargetCell: [H0522  |%d

Hax @ Hin

Q

41§16 >= $K$15 $4§21 > §)

autme Non- Negative

$I519 0= $K$16
$1§1 5= K817

K$19
$J86:4J319 = $636.3081 9

H
(F6-E6)/GE
(F7-E7)/G7
=(F8-E8)/Ga
=(Fa-E9)/68
=(F10-E10)/610
=(F11-E11)/611
=(F12-£12)/612
=(F13-E13)/613
~(F14-E14)/614
=(F15-E15)/615
=(F16-E16)/616
=(F17-E17)/617
=(F18-E18)/618
=(F19-E£19)/619

K
=l6+06-J6
=I7+C7-J7
=lg+Ce-J8
=194C9-J8
=110+C10-J10
=114C11-J11
2+C12-012
3+013-013
=114+C14-014
§+015-015
6+C16-116
THCIT-217
84018-018
=Ne+C19-J19

T ]
22 |=SUM(E6E19) +SUMPRODUCT(HE:H19,J6:J19)



