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CPM-PERT 
• A Project:  

– A collection of interrelated activities with each activity consuming time and resources 

• CPM-PERT: 
– Network-based methods designed to assist in the planning, scheduling, control of projects 

• Objective of CPM and PERT: 
– Provides analytic means for scheduling the activities 

• Both methods were developed in 1950s independently 
• CPM  

– Assumes deterministic activity durations 
– Determine the length of time required to complete a project 

• PERT 
– Assumes probabilistic durations 
– Estimate the probability that the project will be completed by a given deadline 

AOA vs AON 

• Activity-on-Arc (AOA): 
– Uses arcs to represent the activities 

– Uses nodes to represent completion of a set of activities 

 

• Activity-on-Node (AON): 
– Uses nodes to represent the activities 

– Uses arrows to represent precedence relationships 

– 1977, Wiest and Levy 

AON 

 

AOA 

 

AOA: rules 

1. Node 1 represents the start of the project. An arc should lead from node 1 to represent each 
activity that has no predecessors. 

2. A node (called the finish node) representing the completion of the project should be included in 
the network 

3. Number of the nodes in the network so that the node representing the completion of an activity 
always has a larger number than the node representing the beginning of an activity (there may be 
more than one numbering scheme that satisfies rule 3) 

4. An activity should not be represented by more than one arc in the network 
5. Two nodes can be connected by at most one arc 
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AOA: Project Diagram 

 

AOA: Project Diagram 

• Project Diagram for Widgetco 

CRITICAL PATH METHOD (CPM) 

Critical Path 

• A path through a project network is one of the routes 
following the arcs from the START node to the FINISH node. 

• The length of a path is the sum of the (estimated) durations 
of activities on the path 

• The (estimated) project duration equals the length of the 
longest path through the project network. 

• Critical path is the longest path in the project (if more than 
one path tie for the longest, they all are critical paths) 

Critical Path 
Case Study: 

Critical Path 

• Activity list for the Reliable Contruction Co. Project (Lieberman, 2001; pp. 469)  
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Critical Path 

• The paths and path lengths through Reilable’s project network 

Critical Path 

• Scheduling Individual Activities: 
– ES = Earliest start time for a particular activity 

– EF = Earliest finish time for a particular activity 

– LS = Latest start time for a particular activity 

– LF = Latest finish time for a particular activity 

 

EF = ES + (estimated) duration of the activity 

ES = largest EF of the immediate predecessors 

LS = LF + (estimated) duration of the activity 

LF = smallest LS of the immediate successors 

 

Critical Path 
• ES and EF in Reilable’s project 

 

Critical Path 

• LS and LF in Reilable’s project 

 

Critical Path 

• Identifying Slack / Float in the Schedule 

– Each activity with zero slack is on a critical path through the 
project network such that any delay along this path will delay 
project completion.  

– Zero slack:  
• ES = LS;  

• EF = LF; 

• ES – EF = LS – LF = (estimated) duration time  

Critical Path 
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• Identifying Slack / Float in the Schedule: 

Critical Path 

Critical path of Reliable’s project: 

• Identifying Slack / Float in the Schedule 

– Total Slack (TS) / Total Float (TF) 
• Maximum possible time by which the start of the activity 

may be delayed, without delaying the project completion 
time. 

• TS = LF – EF 

• TS = ES – LS 

– Free Slack (FS) / Free Float (FF) 
• Maximum possible time by which the start may be delayed 

IF all successors start at their Early start time. 

• FS = EF – ES – (estimated) duration time 

Critical Path 

• Identifying Slack / Float in the Schedule 

– If FSij = TSij; then the activity can be scheduled anywhere 
within its (LS, EF) span without causing schedule conflict. 

– If FSij < TSij; then the start of th activity can be delayed by no 
more than FSij relative to its LS without causing schedule 
conflict. Any delay larger than FSij (but not more than TSij) 
must be accompanied by an equal delay relative to LF in the 
start ime of all the activities leaving the node j. 

Critical Path 

• Using Linear Programming to determine Critical Path 

– The dual LP is the problem of finding the longest path 
through the network. 

 

Critical Path 

• Using Linear Programming to determine Critical Path 

 

Critical Path 

PROGRAM EVALUATION AND REVIEW 
TECHNIQUE (PERT) 
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• Consider the uncertainty of the duration time for each 
activity. 

• Completing the project’ scheduled date using probability 
distribution perform by three different types of estimates of 
the activity time.  

• Three estimates to be obtained for each activity are: 
– Most likely estimate (m) 

• Estimate of the most likely value of the duration 

– Optimistic estimate (a) 
• Estimate of the duration under the most favorable conditions 

– Pessimistic estimate (b) 
• Estimate of the duration under the most unfavorable conditions 

PERT 

• Assumptions of PERT: 
– The duration of an activity is a random variables with BETA 

distribution. 

– The durations of the activities are statistically independent 

– The critical path (computing assuming expected values of the 
durations) always requires a longer total time than any other 
path. 

– The CENTRAL LIMIT THEOREM can be applied so that the sum 
of the durations of the activities on the critical path has 
approximately a NORMAL DISTRIBUTION. 

PERT 

 

PERT 

 

PERT 

 

PERT 

 

PERT 
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PERT 

 

PERT 

PERT 

• Reliable’s 
project 

• Reliable’s project: the paths and path lengths when the 
duration of each activity equals its pessimistic estimate 

PERT 

PERT PERT 
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• Assumptions of PERT: 
– Durations of activities are INDEPENDENT random variables 

(statistically independent) with BETA distribution. 

– The critical path in temrs of mean values is ALWAYS the 
critical path of the project (mean value and variance of 
project time = sum of mean values and variances of the times 
for the activities on the critical path). 

– The number of activities on the critical path is large enough 
to invoke the CENTRAL LIMIT THEOREM (i.e completion time 
has a NORMAL DISTRIBUTION). 

PERT: summary 

• Crashing an activity 

– Taking special costly measures to reduce the duration of an 
activity below its normal value 

• Special measures: using overtime, hiring additional temporary help, 
using special time-saving materials, obtaining special equipment, 
etc. 

• Crashing the project 

– Crashing a number of activities in order to reduce the 
duration of project below its normal value 

Considering Time-cost Trade-offs 

• CPM method of time-cost trade offs 

– Determining how much (if any) to crash each activities in order to 
reduce the anticipated duration of the project to desired value. 

Considering Time-cost Trade-offs 

Note: 
CPM assumes that times and costs to crashed can be  
reliably predicted  without significant uncertainty 

• Reliable’s project 

Considering Time-cost Trade-offs 

• Reliable’s project 

Considering Time-cost Trade-offs 
• Reliable’s project 

Considering Time-cost Trade-offs 
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• Reliable’s project 
 
 
 
 
 
 
 

 
 
Crashing cost  = (2 weeks x $30.000) + (2 weeks x $40.000) 
    = $140.000 
 $140.000 < $150.000 (Crashing cost < Bonus) => FEASIBLE  

 
 

Considering Time-cost Trade-offs 

• Reliable’s project 

Considering 
Time-cost 
Trade-offs 

• Reliable’s project 

Considering Time-cost Trade-offs 
• Reliable’s project 

Considering Time-cost Trade-offs 
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